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SMALL PARTICLE SCATTERING AND ABSORPTION

I. INTRODUCTION

The aim of this contract is to extend our knowledge of the scattering and absorption of

electromagnetic energy by aerosol particle. 1 ) Particular interest is in mm wave, infrared and

optical scattering for particles of dimensions ranging from much smaller than to comparable with

the incident wavelengths. The work proposed and accomplished was all theoretical and

computational. Since the contract was terminated on short notice (as of May 31 1988) because of

funding problems halfway through its 3 year intended life, not all the proposed research tasks in

Sect. III of Ref. (1) and referred to in the progress reports were completed and some were not

addressed at all. NeverthelesE a considerable amount of work was successfully completed and the

main results have been published in scientific joumals[2]-[9],[ 12] * , and/or been presented[ 131,[141 at

the 1987 and 1988 CRDEC Scientific Conference on Obscuration and Aerosol Research. Ref. 14

will appear in the Proceedings of these Conferences and is reproduced here as an Appendix. In

addition a number of Fortran computer codes developed on this contract have been provided to

CRDEC on floppy discs along with additional documentation.

Some further work was done as part of a no-cost extension of the contract covering June

1988 - January 1989; for example, preparing the manuscripts for Reference 14 and extending the

applicability and accuracy of the computer codes of Section V(3).

Sections II and III will summarize the papers.21"[91 They all deal with scattering and

absorption by thin, flat, scatterers.

Some of our work described at the CRDEC conferences deals with particles which are not

necessarily thin but which are small compared to the incident wavelengths. In particular,

emphasis is on shape dependant absorption and near field effects in frequency bands

corresponding to negative real part of the dielectric constant of the particle. This work, which we

Refs. 4-6 report on work done at the University of Michigan, but not supported by CRDEC
contracts although related to the work on this contract.
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describe in Section IV, was in progress at the time of the unexpected termination of the contract **

and had not yet been advanced to a state where we felt ready to publish as journal articles. We

note, however, that it is an outgrowth of re-lated work [12] accomplished under a predecessor

CRDEC contract, DAAK1 1-82-K-0007.

The computer codes sent to CRDEC are implementations of solutions developed for some

of the scattering and absorption problems described in Sections I-IV. The codes are described in

Section V.

II. THIN FLAT SCATTERERS: EXTENSION AND USE OF RESISTIVE

SHEET BOUNDARY CONDITIONS

References 2-4 deal with techniques to solve scattering problems for thin scatterers by

replacing them with idealized zero-thickness (t = 0) sheets with thickness dependant resistivities

and subject to jump boundary conditions for the electromagnetic fields. The reduction to t = 0

sheets is done for infinite plane slabs of material irradiated by plane waves and allows only for a

tangential surface current to be induced on the zero thickness'sheet. The simulation becomes very

inaccurate at oblique angles of incidence when the p-polarization component of the electric vector

has a significant component normal to the layer and therefore induces a normal component of

current density in the t * 0 layer. In Ref. 2 this lack ot a normal component for current density is

rectified by superimposing on the resistive sheet a magnetically conductive sheet which can be

interpreted as a covering of normally directed electric current dipoles. Ref. 2 derives this result

from the limit t -4 0 of the appropriate integral equations for the complete current density induced

in the layer.

To apply modeling of a thin layer of infinite extent to real scatterers, which of course are of

finite extent, is the concern of Refs. 3-7.* In one approach the problem is attacked first by

• Refs. 5 and 6 report on work done at the University of Michigan but not supported by CRDEC.
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studying the diffraction by an edge of a t = 0 half plane.[3],[4] In Ref. 5 an extension of these

results to scattering by infinite thin strips of finite width is described.

A completely different approach is simply to neglect the edge effects on the current

distribution and hence on the scattering cross-sections. The current density, J , used is that of the

infinite slab (or t = o sheet) modified only by setting J = 0 for all points not in the layer (or sheet).

This approach is referred to as a physical optics (PO) approximation.

In Ref. 6 this PO approximation coupled with the resistive sheet model was used to study

back-scattering by a leaf. The theory applied to a rectangular scatterer was used to generate data to

compare with laboratory measurements of a rectangular cutout from a coleus leaf. These show

good agreement out to about an incidence angle of 70" from the normal to the leaf.

In Ref. 7 the PO approximation was used for thin disks but wilthou modeling the finite

thickness slab with a t = 0 sheet; t was maintained in 0 < kt << 1, where k = 27t/incident

wavelength is the free space wave number.

The accuracy of the results by PO was explored in Ref. 7. We discuss this work in

Section Il. The reason for exploring the accuracy of PO lies in the principal use for single particle

scattering results; namely in computation of radiation transfer through particle clouds. For this

purpose it is necessary to average the scattering cross-sections over all orientations, sizes and

shapes of the particles irradiated in the cloud. Clearly the simpler and faster the computation for

each individual case in the averaging process, the better. PO results lead to simple, rapidly

evaluated formulas whereas the accurate numerical methods such as CWW described in Section III

require relatively heavy computation.

III. THIN FLAT SCATTERERS: FINITE THICKNESS DISKS

A completely different technique than the zero thickness sheet methods of Section II is

described in Ref (8) and (9). There the exact boundary value problem for thin circular disks is

solved numerically by a combination of finite element and moment method techniques. This
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method, which we have called CWW gives the internal and near fields as well as the far fields and

can be used for materials from pure dielectrics to (almost) perfect conductors. Outputs can include

bistatic, total, absorption and exti, tion cross sections, and also the current densities at all internal

points. A thorough investigation in Ref. (8) of numerical results vs. experimental results as well

as versus numerical results by an alternate technique and for special cases showed that the code

CWW gives very accurate backscatter cross-sections for

0 5 ka <12

0 < kt < 0.5
1 <a/t< 104

where a and t are radius and thickness, k is free space wave number. There are nfundnal

limits on the size of ka as far as the programmed formulas themselves are concerned, but the other

two bounds are the results of approximations in the formulas. The computer code is discussed in

Section V.

Two of the checks on CWW used in Ref. (8) are shown in Figure (1). These curves

show, for a particular lossy dielectric disk, curves of the backscatter cross-section, a, for circular

incident polarization and the magnitude v and phase A of the polarization ratio of the backscatter

field. a is normalized to the square of the wavelength and 0 is the angle of incidence relative to

the ncrmal to the flat disk surfaces. The curves compare results computed by CWW, by a very

different Fredholm integral equation method Ref (10) and measured microwave experimental

results Ref. (11).

Figure 2 shows comparisons of CWW and PO results as given by the equations derived in

Ref. 7 and discussed in the paragraph below. For each disk the backscatter cross sections for p

and s polarizations; that is for the incident electric field in the plane of the normal to the flat disk

surface and the incident wave direction and perpendicular to this plane are labeled aII and .1.•

Curves of k2o 1I and k2 oL versus angle of incidence 0 show how very close the results by the two

methods can be.
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Figure 1. Comparison of computational results via CWW and via Shepard and Holt with
Allan and McCormick experimental data for a disk of radius 2.283, thickness

0.46MA, e = 3.13 + i 0.036: CWW solid line; Shepard and Holt, long dashes;
experiment short dashes.
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The CWW computations for a given disk and incident wave polarization and direction are,

as we have already pointed out, sufficiently onerous that, for studying scattering and radiation

transfer by clouds of disk-like scatterers with many different orientations and values of a and a/t it

is desirable to have simple easily evaluated expressions. Simple analytic closed form expressions

for the scattering cross sections of disks for the PO approximation with t * 0 have been published

and studied in several papers by D.M. Le Vine, of NASA Goddard, and colleagues. In Ref. (7),

we have collaborated with Le Vine to compare results by PO with results by CWW for extensive

series of physical situations. Criteria were thus established as to parameter ranges wherein one

could use PO in lieu of CWW with adequate accuracy. This paper also contains a formulation of

the PO formulas which is perhaps easier to follow than that in the earlier work by Le Vine and

which shows up some unusual results as t = 0+. When I n I kt << 1 (n = complex refractive

index) this version of PO can be quite accurate even for very oblique incidence if a/t is large

whereas the resistive sheet form of PO is not.

Contrary to what one might have expected the PO method (which neglects edge effects)

does not necessarily become more accurate as radius a increases. In Figure 2(b) one notes that for

both polarizatons p and s the PO results deviate from CWW for OD 3 650 for ka = 12.57. When

the thickness is reduced further the p component results become much more accurate all the way to

900 while the discrepancy remains for the s polarization. This loss of accuracy in PO results from

the neglect of tangential circulating induced currents near the edges whereas significant circulating

currents are computed by CWW and enter into the a computations. Also at odds with what one

might expect, PO is accurate for Rayleigh particles (as long as a/t >> 1). This is shown in Ref. 7.

IV. ELECTRICALLY SMALL SCATTERERS: POLARITON AND
PLASMON MODES

Within the absorption bands of bulk dielectric materials and for wavelengths for metals

where Re e<0 the internal fields are not pure e-m waves but are polariton and plasmon modes, the

hybrid results of close coupling with internal vibrational and other wave modes. Within particles
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small compared to the free space wavelength these internal fields can develop considerable

structure and exhibit resonance behavior at specific shape dependent negative values of Re e. We

have studied in some detail the effects of particle shape on these resonances; their frequencies and

resulting narrow absorption lines and internal and near field structure. Ref. 12 studies these

effects for hemispherically capped cylinders. Figure 3 from Ref. 12 shows an example of this

structure and the concentration of the field near the surface of one of these cylinders. The

equipotential and t field lines are those induced by an incident t field directed along the axis of

rotation of the cylinder, x3. The figure shows one quadrant in a plane through the x3 axis. Our

more recent results cover much more general shapes such as spheres with holes in them,

aggregations of spheres and disks, and rough surfaced particles. Some of these results are

included in the Pierce and Weil presentations to the CRDEC conferences.[13(c)],[ 14] During the no

cost extension period we continued this work (which is still in progress). Since the 1988 CRDEC

Proceedings have not yet appeared we append Ref. 14 which outlines the theory and shows a

number of results computed by codes described in Sect. V3.

Figure 3. 4:1 Capped cylinder secondary resonance fields for incident potential 3: = -1.740 + i 0.005,
Re V, A V = 1.86 V. The imaginary field strcture is similar, with AV = 2.59 V.
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V. COMPUTER CODES

The theoretical methods and formulas described in Sections III and IV have been

implemented in various Fortran programs. The following codes were sent on floppy discs to

CRDEC along with tutorials and sample results to help users get the codes running.

(1) The programs used to obtain the CWW results for thin discs reported in Ref. (8) and (9)

were sent in February 1987. These programs were intended to replace a slower and less

accurate version which had been sent to CRDEC earlier. A copy of reference 9 was also

sent; this reference gives much more detail of the theoretical basis for this material, the

complete formulas programmed and the function of each program and subprograms. The

programs are called

IGEN. FTN

REGEN. FTN

WMAIN. FTN

ZMAIN. FTN

WREAD. FTN

ZSPLIT. FTN

QNCS. FTN

ZMEND. FTN

CBLAS. FTN

CSSLE. FTN

XSECTS. FTN

These were all written by Thomas M. Willis. Data and other files to use with the tutorial

and checking examples were also included.

(2) Codes we developed to compute the scattered Stokes vector from clouds of disk and sphere

scatterers for arbitrary distributions of size, orientation and material were also sent in

February 1987 in a floppy disc. These programs are described globally in Ref. (15) but

differ from the code actually used for Ref. (15) by incorporating the much improved and

more accurate computation method CWW for individual disks. These programs, written

15



by Willis, are

CLOUDS. FTN
SPHERES. FTN

DISKS. FTN

XSUBS. FTN

The PO formulas have not been added to this package of programs; this was one of the

tasks we had intended to carry out.

(3) Code to compute and plot the near and internal electric fields induced by electromagnetic

waves incident on electrically small rotationally symmetric scatterers, was sent in January

1988. This code with some modification was used to generate the data in Ref. (14)" and

some of the data in Ref. 11(c). These programs are in FORTRAN 77 and are named

DIELMODE1. FTN

ISO. FTN

They have been extended since January 1988 to be applicable and accurate for a wider class of

particle shapes. A more detailed description of DIELMODE1.FTN and ISO.FTN plus related

earlier code and the extensions since January follows. They were all developed by Leland Pierce.

There were three major programs developed by Mr. Pierce during this contract, as well as

numerous graphics programs for display of final results. The three programs are all concerned

with Rayleigh scattering from objects of various shapes and materials as described in the

Appendix. The solution, in all cases, is for the static (zero frequency) potential, but with a value of

complex dielectric constant that is the value for the material at the intended incident frequency of

light. Since the main interest in this study is the resonant absorption by the particles, the light

frequency is chosen to be in and around the frequencies where e has a negative real part and as

Ref. (14) is reproduced in the Appendix to this report.
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small a non zero imaginary part as practical. (The exact theoretical locations of the resonances

occur for Ime = 0.)

The three programs are variants of the same general program design, however each one is

progressively more sophisticated in its capability and accuracy. The first explores the properties of

two spherical particles: either near each other or coagulated more or less tightly. Here a sharp

cusp in the surface of the coagulated particles is possible, and so more care was required in the

numerical integration for the electric potential than had been done previously. Also, some

completely new integration procedures were necessary due to the limitation of the previous code on

non-reentrant bodies, i.e. those with depressions in their surfaces. Lastly, an error in the

numerical integration routines that had gone undiscovered (though not unnoticed) for years was

tracked down and fixed.

The second program DIELMODE consisted in a change of geometry, while still using

circular arc segments to specify the outline of the particle. Here we faced a much more reeentrant

body than the first: spheres with spherical holes in them. There are many more shapes possible

here than in the first program, but generally two canonical ones: a hole completely enclosed by the

particle, which may be off-center; a spherical bite out of the side of the sphere. * The new code

development here required a new mesh for the local field calculations, and this was a major

problem due to the geometry/mesh mismatch. Sub problems were that an interpolation method

was needed for the potential at mesh points too close to the surface for accurate numerical

integration and the isolines near the surface were drawn incorrectly due to an unsophisticated

drawing algorithm. The interpolation problem was non-trivial, and so was tailored to work for this

geometry only, while the isoline problem was avoided by oversampling with the mesh.

* This generalization was suggested by Dr. Burt Bronk of CRDEC with the goal of applying the
program to biological particles and catalysis.
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This leads us now to the third and last program, which is nearing completion. This version

is a final generalization for any particle shape that can be constructed out of circular arcs and

straight line segments. This required a major effort to generalized the computation of whether a

point was inside or outside the body, or on its surface. Also, many of the analytical integration

formulas used for near-surface potential calculations had to be rederived for the most general cases,

as well as derived for the first time for the straight line segments. Besides that, effort is still

underway to develop a code to calculate the electric field with an integral equation, formulation,

instead of the present finite difference technique, used to determine E from the potential. The finite

difference method suffers at points near cusp-like discontinuities of the surface. The major

development work here is the analytical integration of the singular and near singular terms, which

for the electric field are more poorly behaved than for the potential.

The graphics programs developed include an x-y plotting package, an isoline plotting

package (one for rectangular meshes (ISO.FTN) and another for polar-coordinate-type meshes),

and a program to plot a function of two variables as a surface in three-dimensional space projected

onto the paper at some viewing angle. All of these programs produce high-quality, fully-labelled

plots on the computer screen or as black and white hardcopy through the use of a PostScript Apple

LaserWriter.
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APPENDIX

Resonances and Near and Internal Fields

of Spheres with Cavities and Coagulated Spheres *

Leland Pierce and Herschel Wel

The University of Michigan, Radiation Lab, EECS Dept.

Ann Arbor, MI 48109-2122

ABSTRACT

Work in progress is reported on electromagnetic scattering and absorption from Rayleigh
spheres that are coagulated and spheres that have cavities in them. Absorption cross-
sections are calculated at frequencies around that of visible light, and static internal and
near-field equipotential lines are plotted. Polarizability tensor elements are calculated and
modeled for a few specific cases. The significance of these models in the context of absorp-
tion cross-sections is explored. Future work will concentrate on specific applications of this
work to problems in the physical, chemical, and biological sciences.

I. GENERAL FORMULATION

This paper explains the formulation and implementation of the low-frequency scattering

problem as applied to some axially-symmetric homogeneous dielectric bodies. In particular

two families of shapes are investigated:

• Thit is Reference 14. 21



1. Two spheres of equal dimension. Their center-to-center separation is variable, and

hence produces two coagulated spheres or two complete spheres near each other.

2. Single sphere with a spherical cavity. Here the position and size of the cavity are

variable, producing hollow spherical shells, off-center holes in spheres, and holes in the

surface of the sphere.

To start with, both theory and practice are introduced for the general case. Later in

this section the model for some of our results is presented and discussed. In section two the

results for coagulated spheres are presented, while in section three the results for the sphere

with cavity are presented. Section four summarizes the results and discusses future plans.

Ia. Theory

The work we present is an extension of the investigation described by Weil [1986].

It follows the formulation of Rayleigh theory given by Senior [19761 (see fig. 1.1). The

polarization tensor Piy and the dipole momenta pi of the induced fields:

pi = coPqEj

are found by considering the fields in the limit as k, --, 0 . Hence one solves the statics

problem of figure 1.1.

Let -' be the scattered, exterior potential and Oj be the total, interior potential. Then

the conditions governing 0j; and 0j for a unit electric field excitation of a scatterer of

boundary B and unit outward normal fA are:

V20j =0 Outside B

*= 0(r)., o

V2', = 0 Inside B

= j + zj OnB

a + OnB

By using Green's Theorem twice, once inside and once outside B, and combining the results,

2
APPENDIX
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x=x1

Y=X 2 /

Figure 1.1 - Geometry of the Scattering Problem.

Senior obtained: *

rjo + il+ 1 r[cpj+ (] - j FSD)- (1'\ de

where R = IT- Vand

I, ifT is external to B
r= i, if7isonB

0, if T is interior to B
Now specialize to a body of revolution in cylindrical coordinates p, 0, z:

S' = p'dO'!'

where s' is length along the body perimeter, S.

For an x-directed E field the right hand side becomes:

= (I- C) ( - z')- O. !d sfd,

Since the total field will vary am cosq', along the body's perimeter it can be written in the

form:

S= €v - =' - w (')cos

This is the correct form of the corresponding equation which is given tollowing eq. 19 in Senior (1976)

3
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so the right hand side becomes

=-' "1 [ 2 cosO'; () do,') W(a')p'd'

Senior and Ahlgren [ 1972, eqn. 63, n. 20 ] put this expression into the form:

- L 2cos4 {pcosa'02 + [(z' - z) sina' - p'cosa']lai} Wl(e')p'da'

At 0 =0 ° this gives:

outside: - .1(1)

bndry: WI(s) p+ Wi(') {pcos'n2 + [(z'-Z) in'-P cod,']nl} P'dS'2nr~ (- ) WSs ,

inside: - e'Z({)

This is an integral equation for W1 when F is on the surface B. Similarly for the z-directed

f field excitation, the field along the body's perimeter can be written in the form:
0 = -1~ s'

3-W 3 )

outside: -C(F)

bndry: (1+e) W(s W3(,') {pcoefll + [('-z)sina'-P'cosa'lno} 'bndry: - e )  2-- z+

inside: - eD3(7)

In these equations

(In = R n =0,1,2

and

R = [(p + p')l + (z - z') 2 ] [1 - rsin2e]

where

4p#'
M (p + P) + (z - z) 2
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Senior and Ahigren ( p. 61 ) show that

1o (m)~" 3/FK(m) + 2 m-i K(m)l
0 L dm

III(=)/2 [(1 - !M)A..K(m) - K(m)]

1p/p, ) 1/2 r m 4 - m

(1 =_L(. )32r2(1 - )2-K(m) -(I - -K(m + E(m)Im 2 PP'/ 2 dm4

where K and E are Elliptic Integrals.

The Electric Polarizability Tensor is

Pii= ( - ,)fB . i OdS

For the case of rotational symmetry about the u-axis P311 P2: 0;

P33 $0 0; Pi = 0, i 74 . Hence we need only find PI, and P33.

The absorption cross-sewction can be expressed in terms of Pij , and by averaging

over all possible scatterer orientations ( all assumed equally likely ) one gets the average

absorption cross-section:

<oA>= -oIm.(2Puj + P33)

where ko is the free-pace wavenumber of the incident light, and V is the volume of one

scatterer. The dimensionless quantity <VA > /kOV is used in the plots of absorption vs.

wavelength presented later.
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lb. Practice

The integral equations for W, and W3 are solved using the moment method. We

choose pulse basis functions and delta-function weighting functions to get a point-matching

solution.

The body perimeter is broken up into equal-length arcs and the W's are determined

at the center of each arc. The integral becomes:

Wi (8')Ki (r,V)p'd' = Wi(s)J- K(F)p'd'
j=1

where j runs over every segment of the perimeter, and i is either 1 or 3.

A simple six-point integration scheme works well if 7 is on the surface, and the surface

has no cusps. However, to get the near fields, and accurate surface values for complicated

shapes, a more sophisticated method must be used. This is because for 7 near the surface

K(F,?') varies rapidly, hence a 6-point integration scheme will not capture it sufficiently.

Our method removes the rapidly-varying terms and integrates them analytically over

the appropriate very small sub-segment (approximating it as straight, no longer curved).

This can give us accurate field values near the surface and elsewhere.

The numerically troublesome terms are in the fln's . Specifically a -L term and a

In(- 1 ) term. Both blow up as the field point approaches the surface (source point) in our

integral equations. Since

K(m) (ao+aim,+. • a4m4)f

+ (bo + b1mi +. b4m4) ln(-L)

d .K(m) - + (b - al) + (b2 - 2a2)mz + "  (b4 - 4a4)m*)

- (bi + 2b2m +" 4bm31) 1n(-L)

1 1 m 1( )E(m) t,- I - M,+ ml(
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where m, = 1 - m. The troublesome terms are:

± the -d K(m) term,
in i

1I dm
-biln(-L) in the I-K(m) term,

ml dmn

and boln(-L) in the K(m) term.
ml

The constants ai and bi can be found in Abramowitz and Stegun [1964] . We pulled these

terms out of the expressions for K, (-, 1), integrated them analytically, then added them

back in to the numerical integration which was done with the remaining terms.

The geometry to explain the following formulas for the analytic evaluations is shown in

figure 1.2.

\t

center of circular arc Z

Figure 1.2 - Coordinates used for Surface Integration.

7
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We need to evaluate two integrals involving b./mi:

-1- '4 da' = 2usina'( sina' + tcoso')h [n &2/ - sA& + 92 + (t' - t) 2]i- 1 &2s '/4 + gA +u 2 + (t' - t)]

+ 4(s sina' + t'cos)s sin& + tcosa') tan- 1  A + tan-1

t' - t ((!-t)(('-t

S'I
12 =1 ml !

--

S,&,2/4 - s&+.s2 + (t' - t) + I  n(ssindl + tcosa') (4seind + 2t' A + s + (t' t)] n I'

{(4sincz co A2)in /4 + s,& + s2 + (t' - T

4 cosoi' + sina-(t'-t)2sin] tan-  (A -) tan-, (1 )

t' - t2('-t2t'-)

These integrals are combined with the other terms in the expressions for the OZn's and then

with others to make the IK's. The following expressions are for that part of each Ki that is

singular:

Kl,..1 ,, = 2[82 + t2 + t'2 + 2t' sino'(scosa' - t sina')]
t' [ 2 + (t + t')2 + 4t'sina'( cosa' - t sine?) 5 /2

.(82 + t2 - t 2 ) [t' coea9I1 + sina'12]

4 cos?[as sind + tcosIaals2 + ts -ina]
Ks,.3 1 r. = [ 2 + (t+ t') 2 +4t' sinc?'(s cosc? - t sina?)]5 [s

The analysis is similar for the In (ml) term.
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Ic. Polarliability Tensor Elements

The calculation of absorption spectra is useful and desirable by itself, however, a more

theoretically satisfying calculation that can yield much deeper insight into absorption spec-

tra of irregularly shaped particles is that of Pij as a function of c, instead of frequency and

material. Cast in this way, there is a direct analogy with the analytical formula for a sphere.

For a Rayleigh sphere we have:

Im.(Pi) = ( )++ 2)2 +el

where 4 and c4' are the real and imaginary parts, respectively, of the complex relative

pernittivity of the sphere. This can intuitively be seen as a sharp resonance of "strength'

9 at t = -2 , which stands out against a more uniform background; see fig 1.3. Physically,

this resonance can be explained as a coupling of electromagnetic energy into an internal,

non-electromagnetic vibrational mode of the material: the electromagnetic energy is used to

drive the lattice vibrations. In dielectric materials this mode is called a polariton, whereas

in metals a similar excited mode is called a surface plasmon [Nelson, 1979].

Expressions similar to those for the sphere be given for ellipsoids (see Bohren and

Huffman, p.350]. Using this idea, we can reformulate the numerical procedure to give us the

eigenvalues of the integral equation. The resonant positions ( 4 to give infinite absorption

when 4' = 0 ) are then simple functions of these eigenvalues. Using these resonant e's

and some numerically-generated Im.Pii(c), we can fit this data with a generalization of the

preceding formula; ie:
N Ah_

Im.P 1 (C) =E ( _ Or

,=, (e - e,.) 2 + e

This procedure works quite well. The only problem with it is that the decision concerning

N is difficult: the discretized version of the integral equation has as many eigenvalues as

the size of the matrix we create. Which of these are 'real' ? So far, we have chosen

those resonances that are most prominent for large 4. Sometimes this leaves out certain

resonances that are numerically quite prominent when el is small, but decay rapidly with

increasing 4. However, most of the resonances don't even get this far: they have no peak

near the negative real c axis; hence, they are assumed to be due to the discretization process.

9
APPENDIX 2

l I F 29



AbsorionU as a function of Complex Relative Permfittivity(e) sphere

3.

2.

-1 0 .0 9 4. 0 -8 0 - 0 5 . -4 0 - 3 0 2 0 -L O 0 .0

Re. t

Pigure IS nA.Iytlcal lm.(PoflrsabUitY) for a Sphere

so far, the resonances that decay quickly are also thought of as spurious, but more analysis

in the future may reveal a different explanation. Illustration" of this for the particular

shapes investigated here are included in sections two and three.
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U. COAGULATED SPHERE RESULTS

We simulated two spheres, both separate and coagulated. Two examples are the fol-

lowing:

separate coagulated

Figure 2.1 - Two examples from the family of sphere pairs

The center-to-center separation of the two spheres is given in terms of the sphere

diameter. For example, the separate spheres above have a center-to-center separation of

about 2, whereas the two coagulated spheres have a center-to-center separation of about

0.8 . This is made more plain in figure 2.2.

The fields were plotted with a variety of separations and also at many different fre-

quencies; each different frequency corresponds to a different e for gold, tabulated in Physik

Daten [ 1981 ]. Due to symmetry, only a portion of the field structure is shown. That part

of the field that intersects the plane through the symmetry axis (see fig 2.3) and is in the

first quadrant (darkened piece of the plane) is displayed in the field plots. The wire mesh is

meant to represent the surface of the (see-thru) particle that is being halved by the cutting

plane.

Typical field plots are shown in figs 2.4-2.7 for the near-resonance case and for the

off-resonance case. Each of the field plots has the real part and imaginary part of the

potential for a particular shape, frequency and ' incident ' E-field direction:

x-directed means E is vertical at infinity.

z-directed means E is horizontal at infinity.

Each plot has 4-6 equipotential lines, while AV (or "spacing in volts* on the plots)

between them varies from plot-to-plot. Hence a large value for AV means that we have

high local E-field concentrations.

Tau in each plot is the value for the relative dielectric constant.

11
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R 05-radius of solid sphere

s =center-to-ceflter separation

EXAMPLES
S=0.O - a sphere;@0

S=0. 2 intersectinlg spheres:D
S=1 .0 -2 just-touchinlg spheres: 0O

s -.0 2 separate spheres:. (0 0

Figure .2-The coagulated spher geometry

S~~ Dis Waed scctiOf

F~gue 2. - OSItiou of field plots in relation to the partcle

The di~fensls average absorption cross-sectionl, as described earlier, was Plotted

for each gometrY s a function of free-Space wavelength. Typical spectra are shown Infigs

2.8-2.17. 1
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BC QX N REAL PART .. W 4 IA

Canter-POMuWt Spancing: 0.300

OIMAGINARY PART *$* 43 I(Y6071.2

0t OM 0069 I Centao-Center Spacing: 0.3000

Figure 2.4 - Io-Potential Lines for Near-Resonance Case (x-inc.)
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~~4~EX (ON REAL PART oooo.YE Z V 9 O2 OE

3 Cmer.~o-Cwr Spacing: 0.8=0

Im as ea 8.49 83E8 V(BDY)

'WREJ ON IMAGINARY PART ~.a .. ~.15.. 4 9

(VW 89 6 CuWr~o.Cmlar Spacing: 0.800

Figure 2.5 - Iso-Potential Lines for Near-Resonance Caue (s-Inc.)
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fA~ECXA~ T ~N REAL PART Ru..Y~

vV7 7111t2419ceat"r0ionter Spacing: 0.8m0

~~~+ IMAGINARY PART v .Y\iso.w,

VI 'V Conter-UWomaw Spacing: 0.8000

88~8 8I~ 3R9 ~ f~ i8 TVBDY)

Figure 2.6 - ho-Potential Lines for Off-Resomince Case (x-Izac.)
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(ON REAL PART .... 5-LCURVES

Cnuw4o.Cawu Spacins: 0.8000

E !AN MAGINARY PART
IV= w M~.,.4Z.93

Caiw.4o-CMw Sp cng: 0.8000

Plgure 2.7 - Iso-Potentlal Lines for Off-Resonance Case (z-lnc.)
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In comparing the near- and off-resonance fields, note that the resonance itself is nu-

merically apparent in the voltage magnitudes of the resonant s-directed imaginary part: an

increase of slightly less than five times. This resonance is for the z-directed excitation only.

The field structure for the x-directed cases changes very little. One notable difference is

that the field strength in the imaginary parts (x-dir) becomes about ten times smaller as

compared to the off-resonance case. This is interesting and deserves further investigation

to determine if it is a general feature or just a specific occurrence.

Moving on to a comparison of the z-directed field plots, the most striking difference is

in the field structure: the resonant field lines are much more curved. A consequence of this

is that the near-surface electric field is much stronger and the internal field is much weaker:

hence the term "surface mode" for this kind of resonance behavior. There are a number

of other distinguishing features of these field plots, but their significance in undetermined

at this time: the "chimney* in the real part has moved from an off-center position off-

resonance to, apparently, the central position of the particle; the field concentration at the

central cusp of the particle has moved from the real part off-resonance to the imaginary

part near-resonance.

The following pages show the absorption spectrum of coagulated gold particles in the

frequency range near that of visible light. Note that the vertical scales are different, and

that the absorption spectrum for a single sphere is included in each plot for comparison.

Recall that 'sep' in these plots stands for the center-to-center separation between the two

spherical particles that make up the coaguiated particle. A separation of 1.0 indicates that

the two spheres are just barely touching one another, while a separation of 0.8 indicates

that the two spheres are overlapping and are coagulated. A separation greater than one

indicates that the two spheres are near each other but not touching.

17
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Ir. P1, vs. wavelength, sep=0.20

Seantioa: 0.20

4.40

/.,.

35M. 45M0 5500. GM 7500 IM00

incident wavelength, ), Angstroms

Figure 2.8 - X-Incidence Absorption Spectrum, sep=0.2

Im. P., vs. wavelength, sep=O.20
low

9JO

......... Sph-

.o0 - Sepsanica: 0.20

7MSO

4AD

-p..

500. 45M 5 ?SM

incident wavelength, X, Angstroms

Figure 2.9 - Z-lncdence Absorption Spectrum, sep=0.2
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IM. Pit vs. wavelength, sep-0.80

O0

350. 4500. 55M0. 4m 750. hm5

incident wavelength, %., Angstoms

FIgure 2.10 - X-Incidence Absorption Spectrum, sep=O.8

bIn. P33 vs. wavelength, sep=0.80

. . .. .. .......... S I

25.00

05.0

3 0. . 5 55....5...7.....5..
............... ., nptom

incident wavelength, X. Angstroms

FIgure 2.11 - Z-Incidence Absorption Spectrum, sep=0.8
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Im. PU vs. wavelength, "pL.OO

-SVazutGW 1.00

Omj

incdeat wavelegth. X. Angs1oms

Figure 2.12 -X-lncldenaco Absorption SpectUmm, sep=1.0

Im. P33 vs. wavelength, sep-I.00

S~SO-

incdent wavelength, X Angsuwua

F1gw. 2.13 -Z-Incidence Absorption Spectrum, sep= 1.0
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Ir. PU vs. wavelength, seprn.20

SO ......... sh

4M .

I" JS iI
2M

.M 5.M -- GM M a

incident wavelength, X, Angstroms

Figure 2.14 - X-Tncldence Absorption Spectrum, sep=1.2

IM. P33 vs. wavelength, sep=l.20
1o.00

9=

SM I- SW-da. 1.20

7.00

4A

3.00

i ..........' "

incident wavelength. X. Angstroms

F~igure 2.15 - Z-Incidence Absorption Spectrum, sep-1.2
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Im. PH1 vs. wavelength, sep=2.00

sm ........ spher

-Septnuacn: 2.00

CMO

3M 45M0 5"a0 65M 7100 "a00

incident wavelength. X., Angstroms

Figure 2.16 - X-Incidence Absorption Spectrum, sep=2.0

IM. P3 vs. wavelength, sep=2.00

o......... 5phbM

-~ sepswo: ZOO

4A A

2M,
3.40000 6M 5f s

incident wavelength, X, Angstroms

Figure 2.17 - Z-Incidence Absorption Spectrum, sep=2.0
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The absorption cross-section plots are done for gold particles at approximately optical

wavelengths. The most apparent similarity among these spectra is the only slight variability

of the x-directed absorption: the single absorption peak is retained, with respect to its

wavelength of occurrence, over the entire family of geometries. The magnitude of this

absorption peak varies between 3 and 6 compared to the sphere's 4.

The variation of the z-directed spectra is greater, as one might expect from the previous

field comparisons. The single-sphere peak appears to be retained, although it moves slightly

(about 200 Angstroms) and its magnitude varies between 4 and 6. The most interesting

feature, however, is the appearance of new absorption peaks. These peaks only occur

for coagulated spheres that are nearly-whole spheres. In our examples, this is shown for

separations of 0.8 and 1.0; ie. for nearly-whole, but coagulated spheres (0.8), and for whole

but touching spheres (1.0). In each case the absorption peak is 6 to 10 times as strong as

the single-sphere peak, and both are also shifted to longer wavelengths. The positions and

strengths of these absorption peaks are highly dependent on geometry. Also of note, for

the just-touching spheres case (sep = 1.0) is a more complicated absorption spectrum in

the region of the single-sphere peak: there appears to be two overlapping absorption peaks,

each at a longer wavelength than the single-sphere peak.

The implications of these spectra for the colors of colloidal gold will be discussed later.

23
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Ha. PolarizablIlty Tensors

The Polarizability Tensor elements are functions of complex e. Hence they are best

displayed as surfaces in three-dimensional space. The following two figures (figs. 2.18 and

2.19) show a numerically-generated surface, and its fit, using the major resonances and

their strengths.

A comparison of figures 2.18 and 2.19 shows that the fit (2.19), as far as it goes, does

an excellent job. The error in regions not near Re. c, = -1 is on the order of 1%. This

shows that in those regions the simple, intuitive, and physically meaningful model presented

earlier is valid. In the region near Re. e, = -1, however, the fit does not agree well with the

numerically-generated data. The major reason for this is that the model chosen used only

the three largest resonances. When the other, weaker, resonances are added to the model,

the fit, of course, improves in that region. However, I personally am suspicious of the reality

of these minor resonances and further work is planned to better understand them.
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AbsoptiOn as a functiOf of onp1,Ym ReaId e Permulitt iy (c), eP=O.8

Ifigure 2.8-Z-Iuclde31ce, li. polaiiZabilityh pOS lnr~l

AbsorPthon s a funiol of CompC,( RelstiVC Perm ittlitY W,) =P=0

.

.100 A 40 .0 1 4JO .7. la .30 .2A0 .10 0

Figure 2.19 - ZInldeflceg ba1. polarlzabliltY, OePOB 
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Ub. Resonances

As discussed in section one, the resonances, and associated strengths, of a particle

completely determine the behavior of its Polarizability Tensor elements, as a function of

relative permittivity. Hence, the resonances were investigated for the coagulated sphere

family of shapes. Figures 2.20 and 2.21 show the behavior of the major resonances; major

as determined by their strength. The strength was measured using the absorption cross-

section of the particle with a dielectric constant equal to that of the resonant value with

.1 added to it's imaginary part to give it some loss. The movement of these resonances in

the c-plane can be seen as a cause for the variability in the color of a suspension of such

particles when observed in white light: different particle shapes will cause the suspension

to appear to have different colors than other shapes would.

These figures present the magnitude and position for the resonances observed in this

family of geometries in a very complete way. The positions are clearly shown in fig. 2.20

for both x- and s-incidence (note the difference in the x-scales). The relative magnitudes

of these resonances are displayed in fig. 2.21.

In these figures on can easily see the movement of the resonances away from that of the

sphere (-2), and their eventual return for the case of two separated spheres. Between these

two extremes the behavior is quite different for the x- and z-directed cases: the x-directed

resonance remains very close to c, = -2 and moves closer to c, =zero during its deviation

while the z-directed case spawns many resonances all increasing rapidly near separation= 1

(2 touching whole spheres). The major z-resonance is also much larger in magnitude than

the x-resonance.

Please note that a previous paper (Weil, 1985) gave a plot similar to fig 2.20 here, but

that the lines were drawn in the wrong direction due to insufficient data. That has been

corrected here.
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Major Resonances of 2-Sphere System: x-inc.
2.50- 1~
2.25- -__ _ _
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0.00
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Relative Permittivity

Major Resonances of 2-Sphere System: z-inc.
2.50--------------------------

2.0
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0.00
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Figure 2.20 - Major Resonances for Coagulated Spheres
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Resonance Strength as function of Geomnetry
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A very intuitive method for understanding absorption spectra is to use the numerically-

generated or modeled Polarizability Tensor elements and merely superimpose the plot of

the relative permittivity on it. This gives a line on the wavy surface which can be visualized

as a particular wavy slice through this surface to give rise to an absorption spectrum. This

concept is shown in figures 2.22 and 2.23. Figure 2.22 shows the line on the surface of the

Polarizability Tensor, while figure 2.23 shows the equivalent absorption cross-section, which

in this case is the Im.P33 .

Looking at figure 2.22, note that the value of the bulk rrlative permittivity for gold

at about 4000 Angstroms is about -2 + j6., and so the spectrum begins in the upper

right corner. In comparing these two figures keep in mind that the surface is plotted with

a logarithmic vertical scale, while the absoroption spectrum uses a linear vertical scale.

Despite this, we can still observe the two prominent absorption peaks in fig. 2.22. This

is an intuitively pleasing way of thinking about absorption spectra for particular materials

and particle shapes.
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Absorption as a function of Complex Relative PerrnitivitY (, sep=O-8

Re.;

Figure 2.22 -Z-IUcldent, IM. polarizability, sep=O.8, with E(fr4q for gold 1uperlrnornd.

IM, P, - vs. wvsama. SOp4
0

Figure 2.23 -Absorption Spectrm of Coagulated Gold Spheres, sep=O.8.
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The model of the Polarizability Tensor elements can be used to generate a fit to the

absorption cross-section as a function of geometry as well as wavelength. This scheme was

used to generate figure 2.24, which is in fact a good fit to the available numerical data.

This figure shows the z-directed absorption spectrum for coagulated gold spheres as a

function of separation. This data is a pretty good fit to the computer-generated numbers;

we use a fit to generate this plot in order to save time. The features in this figure are the

same as those noted for figures 2.9, 2.11, 2.13, 2.15, and 2.17: the z-directed absorption

spectra. In this figure however, the continuous variation in the absorption peak's position

and magnitude gives a better picture of their variability. As the separation increases toward

1 (from 0), and hence from a single sphere, through two coagulated spheres, and on to two

just-touching spheres, we see that the single-sphere absorption peak "spawns' other peaks

as the geometry becomes more concave. The first, and by far strongest, extra absorption

peak begins to form at a separation of 0.4 or so. This peak then moves to progressively

larger wavelengths, and increases in magnitude sharply after a separation of about 0.9, also

spawned by the persistent single-sphere absorption peak. It moves toward longer wavelenths

and increases slightly in magnitude by the time the two spheres are just touching.

31
APPENDIX 51



Optical Absorption Spectrum of gold vs. Separation
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TT. SPHERE-WITH-CAVITY RESULTS

The geometry of this case is addressed in fig 3.1.

R = 0.5 - radius of solid sphere
s = center-to-center separation
r = radius of spherical hole

EXAMPLES
s=0.0, r=0.3 -- a hollow spherical shell: @
s--0.2, r=0.2 -- off-center spherical hole inside sphere: @
s--0.3, r--0.4 -- a spherical bite out of side of sphere:

Figure 3.1 - The Sphere-with-Cavity Geometry

The fields were plotted with a variety of separations and also at many different fre-

quencies; each different frequency corresponds to a different c for gold, tabulated in Physik

Daten [ 1981 ]. Due to symmetry, only a portion of the field structure is shown. That part

of the field that intersects the plane through the symmetry axis (see fig 3.2) and is in the

first two quadrants (darkened piece of the plane) is displayed in the field plots. The wire

mesh is meant to represent the surface of the (see-thru) particle that is being halved by the

cutting plane.

Typical field plots are shown in figs 3.3-3.8 for the three typical geometries, and an

arbitrary relative permittivity. Each of the field plots has the real part and imaginary part

of the potential for a particular shape, frequency and ' incident ' E-field direction:

x-directed means E is vertical at infinity.
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Figure 3.2 - Position of Field Plots In --elation to the particle

z-directed means E is horizontal at infinity.

Each plot has 4-6 equipotential lines, while AV (or "spacing in volts" on the plots)

between them varies from plot-to-plot. Hence a large value for AV means that we have

high local E=field concentrations.

Tau in each plot is the value for the relative dielectric constant.

The dimensionless average absorption cross-section, as described earlier, was plotted

for each geometry as a function of free-space wavelength. Typical spectra for each of the

three typical geometries previously used are shown in figs 3.9-3.13.
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Figure 3.3 - X-Incident Equi-Potentlal lines for a Hollow Shell.
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Figure 3.4 -Z-Incident Equl-Potentl lines for a Hollow Shell.
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Figure 3.5 -X-Incident Equl-Potential lines for an Off-center Hole.
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Figure 3.6 -Z-Incldent Equi-Potentlal lines for an Off-center Hole.
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Figure 3.7 - X-Incident Equi-Potentlal lines for a Spherical Aperture In a Sphere.
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Figure 3.8 - Z-Incldent Equl-Potential lines for a Spherical Aperture In a Sphere.
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The typical field plots shown in the preceding figures (3.3-3.8) are meant to show the

different geometries and typical field lines. All are for cr = -3. + jO.5. No detailed study

has yet been made of resonant field structures as was done for the coagulated spheres. Some

features that one would intuitively expect are apparent: the spherical shell has a uniform

field inside the hole and has x-directed and z-directed fields that are the same but for a

rotation; the non--symmetric shapes show the general tendency to have larger field strengths

in their regions of highest structural variability. Specifically, the off-center hole geometry

has a higher field in the thinner part of the shell, and the sphere with the surface hole has

a large concentration near the cusp caused by this hole.

Im. P11 vs. wavelength, off=0.00, smrO.30
2D00II

MOD A

16O0 - Of.00,smr.0.30

14.00

6.00

2.W.

±00 0. **o°°° .. .______

35M. 450. 550. 6500 70. 500.

incident wavelength. ., Angstroms

Figure 3.9 - Absorption Spectrum for a Hollow Shell.
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Figure 3.10 X-Icident Absorption Spectrum for an Off-center Role.
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Figure 3.10 - -Iucident Absorption Spectrum for an Off-center Hole.
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IM. P1 vs. wavelength, off=0.40, s=r:0.20
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Figure 3.12 - X-Incident Absorption Spectrum for a Spherical Aperture in a Sphere.
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F igure 3.13 -- Z-lncident Absorption Spectrum for a Spherical Aperture In a Sphere.
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Some typical absorption spectra for gold particles are shown in figs 3.9-3.13. The

spectra are remarkably similar. In each case the one absorption peak occurs at nearly the

same wavelength as for a single sphere. Also, in each case the absorption magnitude is

2.5 to 5 times that of a single sphere. Lastly, the difference between x- and z-directed

absorption was very small, almost non-existent, anounting to a small change in absorption

magnitude. These results are surprising in light of the extreme differences seen for different

geometries and incidence directions for the coagulated spheres in the previous section.
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Ha. Polarizability Tensors

The Polarizability Tensor elements are functions of complex c. Hence they are best

displayed as surfaces in three-dimensional space. Specifically the Im.P33 is shown for each

of the three typical shapes in figures 3.14 through 3.16

These three surfaces point up to us why the absorption spectra are similar. Each surface

shows complicated resonance behavior for Re. c, E (0, -4) but are uniformly decaying

outside that range. (Note: the surfaces for Im. P 11 are similarly complicated and clustered

between 0 and -4.) When the imaginary part of c, gets larger than about 0.4 the surfaces

are similar and difficult to distinguish. Hence for a permittivity trace in the c,-plane that

doesn't enter this region, or which only goes through slightly, the spectra will be difficult

to distinguish. That is what happened in the previous plots. Also note that the hollow

spherical appears to have the same resonance as the single sphere, except shifted, and to

have another small resonance near zero. The other two geometries have very similar, but

complex, surfaces. Further work in this area, especially modeling, is continuing.

Absorption as a function of Complex Relative Permittivity (E,), off=.O. smr=3

Xj.

2.

-1.

-2.

.3.

Re.

Figure 3.14 - Tm. Polarizability for a Spherical Shell.
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11b. Resonances

As discussed in section one, the resonances, and associated strengths, of a particle

completely determine the behavior of its Polarizability Tensor elements, as a function of

relative permittivity. Hence, the resonances were investigated for the three typical cavity

shape families. Figures 3.17, 3.18, and 3. show the behavior of the major resonances;

major as determined by their strength. The movement of these resonances in the cause for

the variability in the color of a suspension of such particles when observed in white light:

different particle shapes will appear to have different colors than others.

Further insight into the absorption spectra of this family of shapes can be gleaned from

these figures. They show the positions of the major resonances of each of the three canonical

shapes. The resonances of the hollow spherical shell are shown in fig. 3.17. They follow

the familiar track, starting near -2 and diverging to -oo as the shell gets thinner. The

other cases were quite different. The off-center hole family (position of hole was varied)

had a major resonance near -2 and stayed there, for both x- and s-incidence. The hole-in-

surface family varied the hole size, and for x-incidence the resonance stayed relatively near

-2, although it began to diverge as the hole size increased. For z-incidence the resonance

diverged more rapidly, but for both x- and z-incidences the resonances diverged very slowly

in comparison to those for the hollow sphere or for the coagulated sphere.

Major Rewnances of Hollow Spheical Shel: x-inc.
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ReIAve Pwliivilty

Figure 3.17 - Major Resonances of Spherical Shell as function of Hole Radius.

PPENDIX 67 47



Major Resonances of Sphere with Off-Center Hole (r=.l): x-inc.
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Major Resonances of Sphere with Off-Center Hole (r-. 1): z-inc.
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Figure 3.18 - Major Resonances of Off-center Hole as function of Hole Position.
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Major Resonances of Sphere with Hole in Surface: x-inc.
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Major Resonances of Sphere with Hole in Surface: z-inc.
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Figure 3.19 - Major Resonances of Spherical Aperture in Sphere as function of Hole

Radius. 49
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IV. CONCLUSION

A great deal can be learned about small particle absorption with the use of calculated

near fields and polarizability tensor elements (as a function of er ) for different shapes. The

shape effects can be quite striking for materials that have bulk permittivities with negative

real parts and small (< 3 or so) imaginary parts. Gold in the visible is one such material

and we used it extensively in our calculations.

The model of the polarizability tensor elements is very simple and allows clear, physical

interpretation of it's few free parameters, while fitting our numerically-generated data quite

well.

Extensive work still remains in a number of areas, included in these are:

(1) Finding better ways of choosing the "major" resonances of a particle.

(2) Understanding the variation of resonance position and strength with geometry, for

each family of shapes.

(3) Understanding the near and internal field structure near a resonance.

Work is continuing on these and other topics.
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